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Abstract

This paper explores the structural relationship between distributive and chained hesitant fuzzy modules over rings under
the tools of level submodule and homomorphic image. Some new theoretical results are derived about preserving distributive
behavior under hesitant fuzzy epimorphisms and the importance of the chain conditions in the determination of distributive
behavior. It is demonstrated that any chained hesitant fuzzy module is distributive, but this is not generally true for the
converse if the corresponding level submodules are not ordered in an additional way. Additionally, equivalences between
chained hesitant fuzzy modules and their levels structures are obtained. The study also shows that the distributive properties of
the level modules of a hesitant fuzzy module completely characterize the distributivity of the module. A number of explicit
examples are provided over integer modules showing that, for some of them, the chain condition is not satisfied, but the
property of distributivity remains true for their construction. The results give an algebraic deeper insight into the hesitant fuzzy
module structures and will help to understand the difference between distributive and chained properties in hesitant fuzzy
algebraic systems.
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AHHOTaNMsA

B [aHHOl cTaThe WUCCIeAYeTCsl CTPYKTypHas B3aMMOCBSA3b MEX[Y [AUCTPUOYTUBHBIMU U I1[EIOYEUHBIMH HEUETKUMU
MOJYJISIMU C KOJIeD/TIoIIeiicst HeoTrpeie/IeHHOCTBIO Hajl KOJTI[AMU C WCITO/Tb30BaHHEM WHCTPYMEHTOB YPOBHEBOTO TIOAMO/Y/IS U
romMoMopdHoro obpasa. ITosyueHbl HOBbIe TEOPETHUECKUE pe3y/bTaThl O COXPAaHEHUW AWCTPUOYTHBHOIO IMOBEIEHHsS TIPH
HEUETKUX SMUMOPGHU3MaX C KOJeOJTIOIIelcsl HeOoNpeNe/IeHHOCTbIO, a TaKKe O Ba)KHOCTH IIETIOYEUHBIX YCIOBUH TpU
oTipefie/IeHUM AUCTPUOYTUBHOTO ToBefeHUs. [loKa3aHo, uTo Jt0OOM 1ieroyeyHbli HEUeTKMHA MOY/Ib C KoseOmromiedncs
HeOoMpe/|e/IeHHOCTBIO SIB/ISIETCS AUCTPUOYTUBHBIM, OfIHAKO 0OpaTHOe YTBep)KZeHHe B 0OIIeM Cyiyuae He BBIMOIHSIETCS, eC/H
COOTBETCTBYIOIL[ME YDOBHEBbIE TIOAMOAYIU He YIOPSOUEHbI JOMOMHUTENBHBIM o0Opa3oM. Kpome Toro, momyueHbl
SKBUBAJIEHTHOCTH MEX/Y 1e[I0YeUHbIMU HEUETKUMM MOAY/ISAMHU C KOJeO/IolIeiics Heornpe/jesieHHOCTbI) U MX YPOBHEBBIMU
cTpykTypamu. MccrefioBaHre Takke MOKA3bIBAeT, UTO JUCTPUOYTUBHbIE CBOMCTBA YPOBHEBBIX MOJY/eH HEUETKOrO MOAY/IS C
KO/IeO/TIOIelicsT  Heomnpe/e/IeHHOCThIO TO/THOCTBI0 XapaKTepU3YIOT AWCTPUOYTUBHOCTL camMoro monyss. [lpuBeneH psif
Har/siAHBIX TIPUMEPOB Ha 1eJIOUMCIeHHBIX MOAYJSX, MOKAa3bIBalOIIUX, UTO [Jisi HEKOTOPBIX M3 HUX LiellouevyHoe yC/ioBUe He
BBITIO/THSIETCS, OZJHAKO CBOMCTBO AMCTPUOYTHMBHOCTH COXPAHAETCSA B UX KOHCTPYKIMU. ITo/yueHHbIe pe3y/ibTaThl AalOT Oosee
rnybokoe anrebpanueckoe NMOHUMAaHWe CTPYKTYD HEUETKMX MOAy/el C KosyeOsioleiics Heompe/eleHHOCTBI0 U TIOMOTAloT
MOHSTb Pa3/IMuvie MeXAy IUCTPUOYTUBHBIMH M LEIOYeYHBIMH CBOWCTBAMH B HEUETKHUX aireOpanueckux CUCTeEMax C
KO/1e0TIoIIelicsl HeoTpe/|e/IeHHOCThIO.

KiiroueBble €/I0Ba: HEUETKUN MOAY/Ib C KoyieOmrolielcss HeonpeaeaeHHOCTbO, TUCTPUOYTHUBHBIM MOJY/Tb, 1€MOYeUHbBIH
MOJIyJTb, YPOBHEBBII TIOIMOZY/Ib.

Introduction

The theory of hesitant fuzzy sets has been emerging as a crucial extension of classical fuzzy sets, since it allows to model
uncertainty due to several potential membership values. Since the inception it has found a lot of interest in various
mathematical and applied fields, especially in algebraic structures where uncertainty and vagueness abound naturally. In this
class of structures, hesitant fuzzy modules are considered as a flexible structure to research the generalized module properties
under the context of the hesitant membership environment.

Distributive and chained modules are basic classes of modules in module theory which have important roles to play in the
understanding of lattice structure of submodules and decomposition behavior. The above ideas extend to the uncertain fuzzy
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setting, providing new opportunities for analysis of algebraic systems that are influenced by uncertainty. There are still not
enough studies in the literature about the structural relationship between distributive HFMs and chained HFMs.

This paper is dedicated to establishing new relationships between these two families of modules with hesitations, by level
subset techniques and homomorphic characterizations. A few sufficient conditions for the distributivity are deduced, especially
with the chain structure of level modules. Further, the preservation of distributivity under hesitant fuzzy epimorphisms is also
explored. Based on equivalence results of chained hesitant fuzzy modules with their level submodules, the paper further
develops the results.

For purposes of illustration, concrete examples to illustrate the theoretical results based on direct sums of integer modules
are created. The above examples show that distributivity strictly weaker than chained property in hesitant fuzzy setting,
particularly by direct sum construction. Thus, the results of this study come to a better understanding of the structure of the
hesitant fuzzy modules and can serve as a basis for further study in hesitant fuzzy algebra and its applications and these results
are an extension of the research work reported in the sources [1], [3], [5], [6].

Main results

2.1. Theorem 1

Let % and G be hesitant fuzzy % -modules on % -modules .4 and ./ , respectively, and let

f M - N bean R -epimorphism. Assume that every hesitant f-submodule of # is % -invariant. If % isa
distributive hesitant fuzzy % -module, then f (%) likewise constitutes a distributive H.F. % -module on ./ .

Proof:

Let %, ', and .4 be hesitant fuzzy submodules of f{%). The definition of inverse image enables construction of hesitant
fuzzy submodules through the sets f1(9), f1(-A), and f1(-¥), all residing within the framework of &. The distributive hesitant
fuzzy Z-module structure of ¥ permits establishment of the equality:

O @+ r71@0) = (OO0 71 @0) + (7@ n 7))

The properties of inverse images under fuzzy homomorphisms enable derivation of:

[Gn@&+)=11GnH)+ f71GNn )

Applying fto both sides combined with the surjective property of fand the fact that every hesitant fuzzy submodule of ¥

remains & -invariant leads to the deduction that:
FUTNEN@+FN) =f (&) + (& nF))

Consequently, the expression G n (A + F) = (G n H) + (% n ) holds true. Thus {#) demonstrates adherence to the
distributive property, thereby establishing itself as a distributive hesitant fuzzy Z2-module.

2.2. Theorem 2

Every chained hesitant fuzzy Z2-module qualifies as a distributive hesitant fuzzy #2-module.

Proof:

Let & be a chained hesitant fuzzy Z-module and let &, ., . be hesitant fuzzy submodules of #. Since & is chained, the
family {9, A, .9} is totally ordered under inclusion. Without loss of generality, assume %C - C .. Then we obtain:

CNFE+F)=¢6nS =G, given that Z + .7 = 7.
On the other hand:
CNIA)+(CNI)=GCG+C=C.

Thus, GN(Z +F)=(GNI)+(GN ) , which demonstrates that % exhibits distributivity.

2.3. Theorem 3

Let & be a hesitant fuzzy Z2-module. If for every j € (0, 1], the level module % constitutes a chained Z#-module, then &
forms a distributive hesitant fuzzy 2-module.

Proof:

Take j € (0, 1]. By hypothesis, & is a chained Z2-module. Hence, for any submodules %j, ’j, .-#j of & j, we have:

CiN, +.5)=C;nH,)+(C,N.5)

Thus, Zj is a distributive #-module for all j € (0, 1]. By the level characterization of distributive hesitant fuzzy modules,
it follows that # qualifies as a distributive hesitant fuzzy Z2-module.

2.3.1 Proposition 1

Let # be a distributive H.F. #-module. If for every j € (0, 1], the lattice of submodules of & is linearly ordered, then &
constitutes a chained hesitant fuzzy Z2-module.

Proof:

Let % and 4 be hH.F. submodules of &. Then for each j € (0, 1], the level subsets % and #’j are submodules of .
Since the lattice of submodules of % is linearly ordered, either % C #’j or J’j C 9. This holds for all j € (0, 1]. Hence, by
the characterization of hesitant fuzzy inclusion via level subsets, either G C # or 4 C 4. Therefore, # qualifies as a chained
H.F. Z-module.

2.4. Theorem 4

Let 4 denote a hesitant fuzzy module over the ring . The subsequent statements will demonstrate their equivalence to
one another:

1. 7 is a chained hesitant fuzzy Z2-module.

2. For every j € (0, 1], & is a chained #2-module.

Proof:


https://creativecommons.org/licenses/by/4.0/deed.en

Cifra. Engineering = Ne 2 (11) = June © Authors of the article / Authors of the article

(1) = (2): Assume % is chained. Let %j, -#’j be submodules of & . Then there exist hesitant fuzzy submodules %, .#” such
that % and ] are their level subsets. Since # is chained, either ¢ C . or A C 4 hence 9% C A’jor HjC 9. Thus Fjis
chained.

(2) = (1): Assume each & is chained. Let %, <4 be hesitant fuzzy submodules of &. Then for all je (0, 1], either GjC #j
or JjCGj. Hence, 9C . or A C9G. Therefore, 7 is chained.

The preceding results demonstrate that the chained property is stronger than distributivity in the hesitant fuzzy setting,
while distributivity alone does not guarantee the chained condition unless additional structure (such as linear ordering at each
level) is imposed.

2.5. Theorem 5

Let 7 be a hesitant f. Z#-module on an -module .#. Assume that for every level a € (0, 1], the level submodule Z«
constitutes a chained Z2-module. Then & is a distributive H.F Z2-module.

Proof:

Assume that for every ae€ (0, 1], the level submodule # « is chained. Since every chained module exhibits distributivity, it
follows that for all a€ (0, 1]:

Can(Za+ Fa)=(CanFa)+ (Can Fa)

Let 9, A, .7 be hesitant fuzzy submodules of &% . Then:

CNF+D)Na=GCGan(Fa+Fa) , (GNZ)+(CGND)a=GanFa)+ (GanHa)

Given that Z « is distributive, we obtain:

CN(H +D)a=((CNT)+(GND)a

Thus:

CNFI +F)=CGNI)+(GNT) .Hence Z qualifies as a distributive hesitant fuzzy Z2-module.

2.6. Corollary 1

If & is a distributive hesitant fuzzy #-module and for every « € (0, 1], % « is Noetherian, then & « is chained for all a €
(0, 11.

Proof:

Assume # is distributive and each &« is Noetherian. Then each #«a constitutes a distributive Z2-module. A classical
result implies that every Noetherian distributive module decomposes into chained components. Since level submodules inherit
minimal structure from the hesitant fuzzy setting, each %« must be chained.

2.7. Example 1

Let & = Z, and consider the Z-modules .4 = Z and -4, = Z. Define M = M & M. Let ¥ and F, be hesitant fuzzy
JR-modules on .4/ and . #(,, respectively, defined as follows:

o _ {1,099}, ifxe2z
F1(x) = { {0.6}, otherwise
o> _ {1,0.8}, ifyeiz
F20) = { (0.4}, otherwise
Define the hesitant fuzzy direct sum 4 = %, @ &, on -4 by:
F (x,y) = min { F,(x), F,(») }
Now we analyze the level subsets. For a € (0, 1], we have: % a = (¥ 1)a & (¥ ,)a. Observe that:
(F1)a={Z,0<a<0.6;27,06 <a <0.9;27,09 <a < 1}
(92) a={Z,0<a<04;3Z7,04<a<0.8;3Z,08 <a <1}
Fa={Z®Z,0<a<04,28032,04<a<05,2Z28037,05<a<1}

Now note:

- Z, 27, and 3Z are chained Z-modules.

~ann( Ay )=ann( A, )={0}, hence ann( | )+ann( M, )=7Z.

By the classical result concerning direct sums of distributive modules, each level %« constitutes a distributive module.
Therefore, # qualifies as a distributive hesitant fuzzy Z2-module. However, note that % « is generally not chained (since direct
sums of chained modules are not necessarily chained).

This illustration demonstrates that distributivity of hesitant fuzzy modules is strictly weaker than the chained property
under direct sum constructions. Thus, the direct sum structure preserves distributivity but not the chain condition, highlighting
the depth of the main theorem.

The preceding example shows that while the chain condition guarantees distributivity, the converse fails under direct sum
constructions. This reveals a structural gap between hesitant fuzzy chained and distributive modules.

2.8. Example 2

Let & = Z and consider the Z2-modules:

.%1=Z s ﬂ2=z s %=%1$ﬂ2 .
Define two hesitant fuzzy Z2-modules % | and %, on .4/, and ., respectively, as follows:
F1(x) ={{1,0.9,0.8}, if x € 27;{0.6,0.5}, otherwise }.
FyH(y) =1,0.85, ity €327;0.7,0.4, otherwise
Define the hesitant fuzzy direct sum % = % | @ &, on .# by:
F(x,y) = min{F(x), F,(y)}.

Step 1: Level structure. For each a € (0, 1], we have Fa = (% 1)a & (¥ ,)a. By direct computation:
(F1)a={Z,0<a<05;27,05<a <0.9;27,09 <a < 1}
(F)a={Z,0<a<04;3Z,04 <a <0.85,3Z,0.85 <a <1}
Fa={Z®Z,0<a<04,28032,04<a<05,2Z8037Z,05<a <1}
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Step 2: Distributivity. Each of the modules Z, 2Z, and 3Z is a distributive Z-module. Moreover:
ann (ﬂl) = ann (ﬂz) =0, ann (ﬂl) + ann (.%2) =7 .
Hence, by the classical result on direct sums of distributive modules, each level module % « is distributive. Therefore, & is
a distributive hesitant fuzzy Z2-module.
Step 3: Failure of the chain condition. Consider the following submodules of .#: =27 &0, # = 0 & 37Z. Then: G¢
and A ¢%. Thus, .4 is not a chained Z-module. Consequently, for suitable hesitant fuzzy submodules corresponding to %
and -, the inclusion relation fails, and hence &% is not a chained H.F Z2-module.

Conclusion

In this paper, several fundamental properties of distributive and chained hesitant fuzzy modules were investigated through
the study of level submodules and hesitant fuzzy homomorphisms. The obtained results established that every chained hesitant
fuzzy module is distributive, while distributivity alone is generally insufficient to guarantee the chain condition without
additional structural assumptions. Moreover, distributivity was shown to be fully characterized by the distributive behavior of
the associated level modules.

The study also demonstrated that distributive hesitant fuzzy modules remain stable under suitable epimorphic images and
that the structure of level submodules plays a decisive role in determining both distributive and chained properties.
Furthermore, explicit direct sum examples clarified the structural gap between distributive and chained hesitant fuzzy modules
by showing that distributivity may be preserved even when the chain condition fails.

The results presented in this paper contribute to enhancing the theoretical understanding of hesitant fuzzy module
structures and provide more links between classical module theory and hesitant fuzzy algebra. The obtained results can be used
as a starting point for future studies on decomposition theory, homological properties and generalized fuzzy algebraic systems.
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